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xlv Prelude

Unlike many textbooks this is not an introduction to integrationfor analysts

or a probabilistic measure theory.I want to reach both (future) analysts and

(future) probabilists, and to provide a foundation which will be useful for both

communities and for further, more specialized, studies. It goes without saying

that t have had to leave out many pet choices of each discipline. On the other

hand, I try to intertwine the subjects as far as possible, resulting - mostly in

the latter part of the book - in the consequent use of the martingale machinery

which gives 'probabilistic' proofs of 'analytic' results.

Measure and integration theory is often seen as an abstract and dry subject,

which is disliked by many students. There are several reasons for this. One of
them is certainly the fact that measure theory has traditionally been based on

a thorough knowledge of real analysis in one and several dimensions. Many

excellent textbooks are written for such an audience but today's undergradu-

ates find it increasingly hard to follow such tracts, which are often more aptly

labelled graütate texts. Another reason lies within the subject: measure theory

has come a long way and is, in its modern purist form, stripped of its motivating

roots. If, for example, one starts out with the basic definition of measures, it
takes unreasonably long until one arrives at interesting examples of measures -
the proof of existence and uniqueness of something as basic as Lebesgue mea-

sure already needs the full abstract machinery - and it is not easy to entertain

by constantly referring to examples made up of delta functions and artiflcial
discrete measures ... I try to alleviate this by postulating the existence and prop-

erties of Lebesgue measure early on, then justifying the claims as we proceed

with the abstract theory.
Technically, measure and integration theory is not more difficult than, say,

complex function theory or vector calculus. Most proofs are even shorter and

have a very clear structure. The one big exception, Carath6odory's extension

theorem, can be safely stated without proof since an understanding of the tech-

nique is not really needed at the beginning; we will refer to the details of it only

in connection with regularity questions in Chapter 16 and in Chapter 18 on

Hausdorff measures. The other exceptions are the Radon-Nikodym theorem

(Chapter 20) and the Riesz representation theorem (Chapter 21).

Changes in the second edition The flrst edition of my textbook was well received

by scholars and students alike, and I would like to thank all of them for their

comments and positive criticism. There are a few changes to the second edition:

while the core material in Chapters 1-15 is only slightly updated, the proof of
Jacobi's theorem (Chapter 16) and the material on martingales (Chapters 23

and24), Hilbert space (Chapter 26) and conditional expectations (Chapter 27)
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xvl Prelude

dangerous bend symbol in the margin identifles a passage which requires some

attention. Throughout Chapters 1-15 I have marked material which can be

omitted on flrst reading without losing (too much) continuity by *.
As with every book, one cannot give all the details at every instance' On the

other hand, the less experienced reader might glide over these places without

even noticing that some extra effort is needed; for these readers - and, I hope,

not to the annoyance of all others - I use the symbol @) to indicate where a

short calculation on the side is appropriate.

Cross-referencing Throughout the text chapters are numbered with arubic

numerals and appendices with capital letters. Theorems, definitions, exam-

ples, etc. share the same numbering sequence, e.g. Deflnition 4.1 is followed by

Lemma 4.2 and then coroll ary 4.3, and (n.k) denotes formula k in chaptet n.
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