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vague convergence,255
completeness

olCl, 1 (p( oo, 121

in normed spaces, 327

completion, 30 (Pt a.15)
and Hölder maps, 175

inner/outer measure, 50 (Pr 6.4), 94 (Pr 1 1.5,

11.6)
and inner/outer regularity, i83 (Pr 16.3)

integration w.r.t. complete measures, 93 (Pr 11.5,

11.6)
product measures, 151 (Pr 14.15)

of a submartingale,2S6 (Pr 23.3)
concave function, 1 2 5*12?

in R2, i29
conditional

Beppo Levi theorem, 352

dominated convergence theorem, 354

Fatou's lemma, 353

Fubini theorem, 354

Jensen inequality, 354

monotone convergence property, 348
probability, 367 (Pr 2'7.4)

conditional expectation, 320 (Pr 25.6)
in Ll,35t 352
' ., a/r
1n L-. 141

in I] and Ls ,348
properties (in Ü),343 344
properties (in LP ard Ls ),349-350

conjugate
numbers/indices, 1 17

Young functions! 133 (Pr 13.6)

continuity lemma,99
(improper) R-integral, 456, 460

continuity of measures, 24, 28

continuous lunction, 41 541 6

is measurable, 54

is Riemann integrable, 446
continuous linear lunctional, 238

in C",248
in Hilbert space, 331

ln L.r. /41
representation, 240, 241, 248, 332

convergence, ,re e also weaklvague
convergence

a.e., 120, 259, 27 2 (Pr 22.1, 22.2)
along an upwards filtering set, 302

in LP , 120 , 255 (Pt 2l .2) , 259
in measure, 258-260,272 (Pr 22.6),273 (Pr 22.8),

2'73 (Pr 22.9),213 (Pr 22.11)
of measures, 224, 249-253
in normed spaces, 327

in probability, 258n
of R-integrals, 456, 459

series of random variables, 299 (Pr 24.9)
convergence theorem

Lebesgue/dominated, 97
(sub)martingales, 289

Riesz, 123

Young,110
convex function , 125-127 , 27 ln

in IR2, 128, i29
convex set, 328
convolution, 157

in ([0, oo),.), 162 (Pr 1s.s)
and Fourier transform, 221

countable set, 8

counting measure, 26, 124,206

Darboux sum, 101, 442
de la Vailee-Poussin's condition, 266
de Morgan's identities, 6, 7
ä-funotion, 26

dense subset, 1 86

.4 dense in C*,225
C6 ) Lt dense in f1, 188, 189

C. dense in LP , 159, 190
Cf dense in Lt,19l
Cyi, ) LP dense in LP,l95 (Pr 17.5)

€ ) LP dense in Lt' ,186
in Hilbert space, 331

polynomials in L2 ,3'7 5,376
polynomials in C, 373, 381

density (function), 8G87, 230, 301

derivative
ofmeasure, l70,316
of measure singular to )', 317

of monotone function, 321 (Pr 25.14)
Radon-Nikodlim, 230, 301

series of monotone functions, 321 (Pr 25.15)
diagonal method, 12

Dieudonn6's condition, 266
diffeomorphism, 165

differentiability lemma, 100, 153 (Pr 14.20)
(improper) R-integral, 457, 460

diffuse measure, 51 (Pr 6.8)
Dirac measure, 26
Dirichlet kernel, 379

Dirichlet's jump lunction. 96

not Riemann integrable, 446
disjoint union, 3, 6

distribution function, 146, 1 52 (Pr 14.18),
153 (Pr 14.19),237 (Pr 20.8)

of a random variable, 56

dominated convergence theorem, 97

in LP,123
Doob

decomposition, 368 (Pr 27.17)
maximal inequality, 308, 320 (Pr 25.10)
upcrossing estimate, 289

dual of C", 248

dual of LP,243
Dunlord Pettiscondition.266
dyadic intervaUsquare, 278

Dynkin system, 32

conditions to be o-algebra, 33

Index

generated :,r
minimal. -11

not a-alseb:

Egorov's theo:,
enumeration. !
equi-integrabie
existence oi pr.
expectation.9-:

factorizatron ::
Fatou's lemr::".
F6jer kernel. -:S

filtration. 1,5. .

dYadic. -i1r.'. -

Fourier sene.
a.e. conveigS:
coefllcienri -:

.C/-convei,qe:
nowhere c..:r

Fourier trans.o:
Bochner's ti<
and convu.lu:
differentiab:-:
extension :.. r

vs. inver>e FI
inversion. l - 

-

is injectire. i,
of normai irs
positive >e::-:;
rotationalh r:
Schwaru s:,.
symmetn. ii
weak conre:_l

Fresnel rntegra..
Friedrichs mo.l:
Frullani integ:.,
,Fo set, 171. IS-:

Fubini's theoi-=
fundamenta- ile

I (gamma) tu:;
185 (Pr i6 -

Gaussian drsr:::
G5 set.171. i,rl
generator

olthe Borei r.
of a D1'nkrn 'r
ol the produ;:
of a a-al,ee::'".

Cram Schmid:.

Haar Fourier :<:
a.e. con\ erse:-\
,CP-converqen;

Haar functioni :
Haar wavelet. -:S,

a.e. con\ erge:.
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truncation, 229 (Pr 19.6)

weak-type maximal, 309

Young, 117, 133 (Pr 13.6)

Young (convolution), 158, 163 (Pr 15.14, 15.15)

injective map,7
inner product, 323

integrability
comparison test, 87 (Pr 10.5)

of complex functions, 424
ofexponentials, 108, 112 (Pr i2.18)
of(fractional) powers, 108, 180

(improper) R-integral, 102, 104, 443, 448, 459,
46r,462

integrals ol image measures, 1 54, 155

Lebesgue integrals, 84

of positive functions, 84

integrable function, see also Lt, U, etc.

improperly R-, not L., 106

is a.e. lR-valued, 91

Riemann, 102

inte$ai, see also Lebesgue, Riemann, Stieltjes
integral

complex functiors, 322, 423
w.r.t. counting meastre,'7 8, 86, 124
generalizes series, 124

w.r.t. image measures, 154

and infinite series, 77 (Pr 12.4,12.5),
lll (Pr 12.4,12.5)

is positive linear functional, 85

iterated vs. double, 150 (Pr 14.4-14.6)

lattice property, 84, 448

measurable functions, 82

over a null set, 89

over a subset, 86
positive lunctions, 7 5, 7 7 -7 8

properties,84 85

rotationally invariant functions, 180

simple functions, 73

integral test for series, 462

integration by parts
Lebesgue integral, 144

Riemann integral,454
Stieltjes integral, 152 (Pr 14.18)

integration by substitution, 454, see also change of
variable formula

inverse Fourier transform, 220
isodiametric inequality, 208

Jacobi polynomials, 371

Jacobian, 165

Jensen's inequality, 126, I 30, 354

kernel,80 (Pr 9.13)
Koimogorov's inequality, 320 (Pr 25.8)
Korovkin's theorem, 37 4

/l (summable sequences), 86

t2 being isomorphic to separable Hilbert spaces,

337-338

4p,125
11, rfo (inte8rable functions), 82

LL,424
Lr ,116
$, r{,tz+
u ,119

Lk: LPN,120

compieteness, 121

not separable, 3g
separability, 362-364

L*, L*,116
Laguerre polynomials, 372

law of large numbers, 29+297
Lebesgue

convergence theorem, 97

decomposition theorem, 235, 306
differentiation theorem, 315

integrable, 83

measurable,429
pre-measure,48
o-algebra,429

Lebesgue integral, 83

abstract, 83n
change olvariable formula, 166, l'11
invariant under reflections, 156

invariant under translations, 156

polar coordinates, 178, 180

Lebesgue measure, 27

change ofvariable formula, 57

characterized by translation invariance, 35

dilations, 38 (Pr 5.9)
existence, 27 , 50, l4l,249
vs. Hausdorff measure, 209

invariant under motions, 58

invariant under orthogonal maps, 56

invariant under translations, 35

is diffuse, 51 (Pr 6.8)
null sets, 29 (Pr 4.13),52 (Pr 6.11)
as product measure, 141

properties,5l (Pr 6.6)
regularity, 173, 183 (Pr 16.2),249
uniqueness,2T

Lebesgue Stieltjes measure, see Stieltjes measure

Legendre polynomials, 372

lemma, see a/so theorem c,r inequality
Borel-Cantelli, 52 (Pt 6.12),296
Calderön-Zygmund, 318

conditional Fatou's lemma, 353

Doob's upcrossing,2S9
Fatou, 78, 80 (Pr 9.10), 80 (Pr 9.1 1), 88 (Pr 10.7)

Pratt, 1 i0 (Pr I 2.3)
Riemann-Lebesgte,222
Urysohn,417

L6vy's continuity theorem, 255 (Pr 21.3)
lim inf, lim sup (limit inferior/superior)

of a sequence, 66, 409410
of a sequence of sets, 80 (Pr 9.11), 412

Index

Markov inequa.
martingale. i-t

backrvards ;..
charactenza'-:
closure. -i56
and condrti!.:
and conrer l'-
difference >e;
with directec
inequalitl. -:','

Zl -converge:
f,2-bounded.
C/-boundec.
non-closable
quadratic r "::
translorm. li
uniformll ::i<

martingale cor.r
martinBale Citlt:

a.e. con\ eiE3,-_

of indepenie:
.C2-con'erge r-.

4/-converger,
oNS. 39-

maximal fun.-:;.-
Hardy-Lr::.er
ola meas-;:e.

square ma\::r"
mean value tt*l
measurabilrtl

continult) :i:
of continu.- -:
ofcoordila:::
of indrcato: ::
p*-measur"b:-

measurable::a:.
measurable ra:,

compler r a::*
COmpOSttt.-:. :
propertrer 6i-

measurable -:. .

measurable s:-t
measure. l-1. -,:. .

absolutell c-':'
completron. ,1-

94rk,. ,

continuir). :-1

counting. l{. .

d-function. li
with densrn. !'
diffuse. 5l P: r

Dirac. 16

equivalent. i-:.1

finire. 2,1

Hausdortl L:
invariant. l! I
localll- finrte. ,:.
metric oute: :::,
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normal distribution, 176, 193, 215, 404
null set, 29 (Pr 4.12),52 (Pr 6.1 1). 89

subsets of a null set, 30 (Pr 4.1 5)
under continuous maps, 1 74

under Hölder maps. 170

optional sampling theorem, 285, 286
orthogonal

complement, 327
elements ol a Hilbert space, 327
projection, 328,340 (Pr 26.1)
projection as conditional expectation, 357-358
vectors, 326

orthogonal polynomials, 37 l-37 3

Chebyshev polynomials, 371

complete ONS, 375, 376
dense in L2,375,376
Hermite polynomials, 372
Jacobi polynomials, 371

Laguerre polynomials, 372
Legendre polynomials, 372

orthonormal basis/system (ONB/ONS), 332, 335
complete. maximal, total ONS, 335

orthonormalization procedure, 336
outer measure, I98,246

parallelogram identity, 326,338 (Pr 26.2)
parameter-dependent

(improper) R-integral, 115 (Pr 12.37), 456-458,
460461

L-integral,99 l0l, 108
Parseval's identity, 333
partial order, 10

partition olunity,418
Plancherel's theorem, 226
polar coordinates

2-dimensional, 176
3-dimensional, 185 (Pr 16.i0)
n-dimensional, 177
spherical, 1 8 1-1 83

polarization identity, 326
generalized, 338 (Pr 26.5)

Polish space, 435n,435
portmanteau theorern, 250
positive linear functional, 238

tn C,,, 244
in Lt,241
is continuous, 239

power set, 13

Pratt's lemma, 1 10 (Pr I 2.3)
pre-measure, 23, 48

extension, 39
primitive, 1 12 (Pr l2.l 6)" 143, 37 5, 450, 452

dift'erentiability, 321 (Pr 25.13)
L-integrability, 454

probability measure, 23, 26
probability space, 23

Index

product
of measurable spaces, 138

measure space, 141

measures, I 38-139
o-algebra,138,149

projection, 328.340 (Pr 26.17)
orthogonal, 33 I

projection theorem, 328

Property QrI) of Lusin, 1 74
Pythagoras'theorem, 331,333, 339 (Pr 26.6)

quadratic variation (ol a martingale), 388

Rademacher functions, 393
a.e. convergence, 394
are an incomplete ONS, 393

completion, 396
Radon measure.248
Radon Nikodlim derivative, 230, 301

Radon-Nikodfm theorem, 301

random variable, 53, 155, see a/so independent
random variable

distribution, 56

rearrangement
decreasing, 153 (Pr 14.19)
invariant, 153 (Pr 14.19)

rectangle, 19

regularity of measures, I 89, 204, 244, 431
Riemann integrability, 104, 443

criteria, 443,448
Riemann integral, 101, Ml-443

vs. antiderivative, 452
function olupper limit, 450
impropel 105, i48, 458464
and infinite series.461
properties,44S

Riemann sum,446
Riemann Lebesgue lemma, 222
Riesz representation theorem, 332

for Cr,244
for Lt,241

Riesz's convergence theorem, 123

Riesz-Fischer theorem, 121

ring ol sets, 42n

scalar product, sse inner product
Schwartz space 5(R"), 227
semi-norm (in Lr),119
semi-ring (of sets), 39, 137

/',47
separability of LP , 195 (Pr 1 7.6)
separability of C,,, 419
separable

Hilbert space, 325,337 338, 339 (Pr 26.11)
U -space,364
measure, 364

o-algebra, 364
sesquilinear form, 323

set

cardinality. S

closed in l-'. .

countable. E

dense. see der'
measurable. . I
p* -measurable
non-measura:.
nowhere den:e.
open in !.". i!
uncountable. !
upwards fi1te:::

d-additivit]. .1. ::
o-algebra. 16

Borel. I8
examples. 1G
generated b1 "
generated b1 "
generated'n;' "
generator. I -

inverse image. .

minimal- l- :i
product. l-1S.

properties. l:. -

separable. -:i-:
topological. i
trace. 17. ll P'

o-finite lilterec :
a-finite mea.u:.
signed measur;. i
simple lunclr.rri

dense in C'. , !'
dense in -!1. t-
integral. 7-r

not dense ln a r

standard repr::
uniformll de:--

sine integral. -.:5.
singleton. -< I iP: :
Souslin operat:r:
Souslin schemt. :-
Souslin set. -1-:l

span,332. -1-19,tf
spherical coori::-,
standard repre:€:.'
step function. -l-lt

is Riemann rn:e
Stieltjes functio:.
Stieltjes integrai. i

change of r an":
integralion t'1 :

Stieltjes measure. :

Lebesgue dec..r
stopping time. l!-:

characterizal:.a:.
strong additir::r. i
strong-t)'p€ 1ne.r -.
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Lebesgue differentiation, 3 1 5

L6vy continuity, 255 (Pr 21.3)
Lusin, 195 (Pr 17.7)

M. Riesz, 382

martingale convergence, 289, 303

mean value (integrals), 449,4551
monotofle class,22 (Pr 3.la),68
monotone convergence. 96

optional sampling, 285, 286
Plancherel,226
projection, 328

Pythagoras, 331, 333, 339 (Pr 26.6)
Radon-Nikodfm, 230, 301

Riesz representation, 241, 244, 332

Riesz's convergence, 123

Riesz-Fischer, 121

submartingale convergence, 289

Tonelli, 142

uniqueness of measures, 34,37 (Pr 5.7)

uniqueness of product measures, 1 39

Vitali covering, 427
Vitali's convergence, 262, 264

Weierstraß approximation, 373, 38 1

tightness, 252,266
TonelliS theorem, 142

topological o-algebra, 18

topological space, 18

trace o-algebra , 17 ,22 (Pr 3.13)
transformation formula

for Lebesgue measure, 57

trigonometric polynomial, 377

dense in Cl-r, rl,38l
trigonometric system, 376

complete in L2 ,37'l ,381
truncation inequality, 229 (Pr 19.6)

unconditioaal basis' 387-389
uncountable, 8
unilorm boundedness principle, 339-340 (Pr 26.16)

uniformly integrable (UI), 258, 274 (Pr 22.12)
vs. compactness, 266
equivalent conditions, 265

uniformly o -additiY e, 266
uniqueness olmeasutes, 34, 37 (Pr 5.7)

uniqueness of product measures, 1 39

unit mass, 26

upcrossing, 288

upcrossing estimate, 289

upwards fi lterin g/directed, 30 I
Urysohn's lemma,4l7

vague convergence, 250
compactness, 253

criterion, 250

vague boundedness, 253

vague compactness, 255

vs. weak convergence, 252

variance, I 55

'tector space,322
Vitali's convergence theorem, 262, 264

Vitali's covering theorem, 427

volume doubling property, 319

volume of unit ball. 181

Walsh system, 396

weak convergen ce, 224, 250
in U,255 (Pr 21.2)
vs. vague conve rgence, 252

weak-type maximal inequal'ity, 309

Weierstraß approximation theorem, 373

Wiener algebra A(R'), 223

Wiener process,404y'.07

Young function, 133 (Pr 13.6)

Young's convolution inequality, 158, i63 (Pr 15.14,

1 5.15)
Youngt inequaiity, 117

Young inequality, 133 (Pr 13.6)
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This is intended to aid cross-referencing, so notation that is specific to a single section
is generally not listed. Some symbols are used locally, without ambiguity, in senses

other than those given below Numbers following entries are page numbers, with the
occasional (Pr m.n) referring to Problem m.n on the respective page.

Unless stated otherwise, binary operations between functions such as l'*g,f '9,
J' n g, f v g, comparisons,f ( g, ,f < g or limiting relations /, ;;, "f, limnfn, liminf nfr,

lim supf,, sup,/ or infif; are always understood pointwise.
Alternativei are indicated by square brackets, i.e.,'if A [B] ... then P [p]' should be

read as'if A ... then P' and'if B ... then Q'.

Generalities
positive always in the sense ) 0

negative always in the sense ( 0

N natural numbers: 1,2,3, . . .

Ns positive integers: 0,1,2,...
Z, Q,lR, C integer, rational, real,

complex numbers
R [-oo, *oo]
inf 0, sup A ifiL: *oo, sup0: -oo
aY b maximum of a and b
a A b minimum of a and b
liminfna, supp infr27. an,409
lim sup, a, infp supr2p ar, 409

lrl Euclidean norm in IRn,

l*l':*? +...+1
\*,y) scalar productD?:t xiyi
L\)n volume of the unit ball in

R', 181

Sets and set operations
AU B union 6

AvB union of disioint sets, 6

An B intersection, 6
,4 \ B set-theoretic difference, 6

A( complement of A,6
A^B (,4\B)u(B\,4)
A c B subset (includes ':'),6
AgB proper subset,6
AxB Cartesianproduct
V closure of ,4
Ao open interior of ,4

Ant A, A"IA 23

x

AxB Cartesianproduct
An r-fold Cartesian product
7x infinite sequences in ,4
#A cardinality of A,8
t.A {ta:ae A}
x*A {x+a:aeA}
E.d {E.A:Ae.d},17
liminf n A, Ure x On2r r4", 413

limsuprl, frtexUn2pAn, 413

(a, b),1a, bl open, closed intervals
(a, bl, la, b) half-open intervals
B,(x) open ball with radius r and

centre x

Families of sets

d generic o-algebra, 16

A completion 30 (Pr 4.15)
(d,),a fillration,276
d* o(d;:ie 4:" (U,r,d,)
d-* ffnr-*dt
dr, do 283

"r/xß {AxB:Ae.d,Beß)
rectangles

d aß product-o-algebra, 138

ß(X) Borel sets in X, 18:

X:lR'(18), X: Al_R (22

Pr 3.13), X:R(61), x:c
(88 Pr 10.9, 423)

@@ completion of the Borel
sets, 151 (Pr 14.15),172,
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