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absolute continuity, 230
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uniform, 266
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almost all (a.a.), 89

almost everywhere (a.e.), 89

analytic set, 432

approximation of unity, 160-162, 224

arc-length, 184 (Pr 16.7)

area of unit sphere, 181

atom, 21 (Pr 3.6), 51 (Pr 6.8)

axiom of choice, 46, 430

Banach-Tarski paradox, 45
basis, 335

unconditional, 387-389
Beppo Levi’s theorem, 75

for series, 77, 79 (Pr 9.6)
Bernoulli distribution, 281
Bernstein polynomials, 373
Bessel’s inequality, 333
Beta-function, 185 (Pr 16.11)
bijective map, 7
Bochner’s theorem, 256 (Pr 21.4)
Borel o-algebra, 18, 22 (Pr 3.15)

cardinality, 431

completion, 151 (Pr 14.15), 175, 183 (Pr 16.3),

429

generator, 19, 20, 22 (Pr 3.12)

inR, 61

in a subset, 22 (Pr 3.13)

trace, 22 (Pr 3.13), 61

Borel measurable, 18, 53
Borel set, 18

approximation, 38 (Pr 5.12), 173, 187
Borel-Cantelli lemma, 52 (Pr 6.12), 296
Brownian motion, 404—407
Burkholder-Davis-Gundy inequality, 387, 388

Calderon—Zygmund decomposition, 318
Cantor function, 237 (Pr 20.9)
Cantor set, 3-4, 59 (Pr 7.12), 183-237 (Pr 16.4)

Hausdorff dimension, 211
Cantor-Bernstein theorem, 10
Cantor’s diagonal method, 12
Carathéodory’s extension theorem, 39
cardinality, 8

of the Borel o-algebra, 431

of the Lebesgue o-algebra, 429
Cartesian product (properties), 137
Cauchy sequence in £7, 120

in normed spaces, 327
Cauchy-Schwarz inequality, 118, 323
Cavalieri’s principle, 136, 180
change of variable formula

affine-linear transformations, 164

Lebesgue integral, 166, 171

Riemann integral, 454

Stieltjes integral, 152 (Pr 14.18)
Chebyshev inequality, 93 (Pr 11.3)
Chebyshev polynomials, 371
compactness (sequential), 266

in £, 264

in L7, 265, 368 (Pr 27.14)

and uniform integrability, 266
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vague convergence, 255
completeness
of £LP,1 < p< oo, 121
in normed spaces, 327
completion, 30 (Pr 4.15)
and Holder maps, 175
inner/outer measure, 50 (Pr 6.4), 94 (Pr 11.5,
11.6)
and inner/outer regularity, 183 (Pr 16.3)

integration w.r.t. complete measures, 93 (Pr 11.5,

11.6)

product measures, 151 (Pr 14.15)

of a submartingale, 286 (Pr 23.3)
concave function, 125-127

inR?, 129
conditional

Beppo Levi theorem, 352

dominated convergence theorem, 354

Fatou’s lemma, 353

Fubini theorem, 354

Jensen inequality, 354

monotone convergence property, 348

probability, 367 (Pr 27.4)
conditional expectation, 320 (Pr 25.6)

in L, 351-352

in 12,343

in L7 and LY, 348

properties (in L?), 343-344

properties (in L7 and LY), 349-350
conjugate

numbers/indices, 117

Young functions, 133 (Pr 13.6)
continuity lemma, 99

(improper) R-integral, 456, 460
continuity of measures, 24, 28
continuous function, 415-416

is measurable, 54

is Riemann integrable, 446
continuous linear functional, 238

in Cg, 248

in Hilbert space, 331

in £P,243

representation, 240, 241, 248, 332
convergence, see also weak/vague

convergence

a.e., 120,259,272 (Pr 22.1, 22.2)

along an upwards filtering set, 302

in £P, 120, 255 (Pr 21.2), 259

in measure, 258-260, 272 (Pr 22.6), 273 (Pr 22.8),

273 (Pr 22.9), 273 (Pr 22.11)

of measures, 224, 249-253

in normed spaces, 327

in probability, 258n

of R-integrals, 456, 459

series of random variables, 299 (Pr 24.9)
convergence theorem

Lebesgue/dominated, 97

(sub)martingales, 289

Index

Riesz, 123
Young, 110
convex function, 125127, 271n
in R?, 128, 129
convex set, 328
convolution, 157
in ([0, 00), -), 162 (Pr 15.5)
and Fourier transform, 221
countable set, 8
counting measure, 26, 124, 206

Darboux sum, 101, 442
de la Vallee-Poussin’s condition, 266
de Morgan’s identities, 6, 7
&-function, 26
dense subset, 186
A dense in Coo, 225
Cp N LP dense in L7, 188, 189
C, dense in £, 159, 190
C2° dense in £, 191
Cyip M L7 dense in L7, 195 (Pr 17.5)
£ N LP dense in L?, 186
in Hilbert space, 331
polynomials in £2, 375, 376
polynomiais in C, 373, 381
density (function), 86-87, 230, 301
derivative
of measure, 170, 316
of measure singular to A”, 317
of monotone function, 321 (Pr 25.14)
Radon-Nikodym, 230, 301
series of monotone functions, 321 (Pr 25.15)
diagonal method, 12
Dieudonné’s condition, 266
diffeomorphism, 165
differentiability lemma, 100, 153 (Pr 14.20)
(improper) R-integral, 457, 460
diffuse measure, 51 (Pr 6.8)
Dirac measure, 26
Dirichlet kernel, 379
Dirichlet’s jump function, 96
not Riemann integrable, 446
disjoint union, 3, 6
distribution function, 146, 152 (Pr 14.18),
153 (Pr 14.19), 237 (Pr 20.8)
of a random variable, 56
dominated convergence theorem, 97
in £P, 123
Doob
decomposition, 368 (Pr 27.17)
maximal inequality, 308, 320 (Pr 25.10)
upcrossing estimate, 289
dual of C,, 248
dual of £7, 243
Dunford—Pettis condition, 266
dyadic interval/square, 278
Dynkin system, 32
conditions to be o-algebra, 33
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generated by a family, 32
minimal, 32
not o-algebra, 37 (Pr 5.2)

Egorov’s theorem, 95 (Pr 11.12)
enumeration, 8

equi-integrable, see uniformly integrable
existence of product measures, 139
expectation, 93 (Pr 11.3), 155

factorization lemma, 68
Fatou’s lemma, 78, 80, 88
Féjer kernel, 380
filtration, 275, 301
dyadic, 310, 318, 357, 389, 396
Fourier series
a.e. convergence, 382
coefficients, 379
LP-convergence, 382
nowhere convergent, 382
Fourier transform, 214-216
Bochner’s theorem, 256 (Pr 21.4)
and convolution, 221
differentiability, 229 (Pr 19.7)
extension to £2, 226
vs. inverse FT, 220
inversion, 217, 219, 220
is injective, 219
of normal distribution, 193, 215
positive semidefinite, 229 (Pr 19.7), 256 (Pr 21.4)
rotationally invariant functions, 216
Schwartz space, 228
symmetry, 221
weak convergence, 224, 255 (Pr 21.3)
Fresnel integral, 115 (Pr 12.36)
Friedrichs mollifier, 160-162, 224
Frullani integral, 115 (Pr 12.37)
Fooset, 172,183 (Pr 16.1), 205, 212 (Pr 18.3)
Fubini’s theorem, 142
fundamental theorem of calculus, 453

I" (gamma) function, 108, 113 (Pr 12.27)
185 (Pr 16.11, 16.9)
Gaussian distribution, 176, 193, 215, 404
G5 set, 172,204
generator
of the Borel o-algebra, 19, 20, 22
of a Dynkin system, 32
of the product o-algebra, 138, 149
of a o-algebra, 17
Gram-Schmidt orthonormalization, 336

Haar—Fourier series, 384
a.e. convergence, 384
LP-convergence, 384

Haar functions, 383, 404

Haar wavelet, 389
a.e. convergence, 390

LP-convergence, 390
Hanner’s inequality, 131
Hardy-Littlewood maximal inequality, 312
Hausdorff dimension, 210
Cantor set, 211
Hausdorff measure, 203
vs. Lebesgue measure, 209
properties, 206
regularity, 204
of the unit ball/cube, 208
Hermite polynomials, 372
Hilbert cube, 339 (Pr 26.13)
Hilbert space, 327
isomorphic to £2(N), 337-338
separable, 325, 337-338, 339 (Pr 26.11)
Hélder’s inequality, 117, 131
for 0 <p<1,131, 134 (Pr 13.19)
for series, 125
generalized, 133 (Pr 13.5)

image measure, 55
integral for, 154
of measure with density, 162 (Pr 15.1)
independence
and integrability, 88 (Pr 10.8)
of o-algebras, 38 (Pr 5.11)
independent functions, 279-283, 373, 393, 397
existence, 281
independent random variables, 287 (Pr 23.8, 23.9)
294,299 (Pr 24.9), 320 (Pr 25.8),
369 (Pr 27.18), 400
convergence, 403
indicator function, 14 (Pr 2.5), 62
measurability, 62
properties, 80 (Pr 9.11), 412
inequality, see also theorem or lemma
Bessel, 333
Burkholder-Davis-Gundy, 387, 388
Cauchy—Schwarz, 118, 323
Chebyshev, 93 (Pr 11.3)
conditional Jensen, 354
Doob maximal, 308, 320 (Pr 25.10)
generalized Holder, 133 (Pr 13.5)
Hanner, 131
Hardy-Littlewood, 312
Hoélder, 117, 131
Hélder (for 0 < p < 1), 131, 134 (Pr 13.19)
Holder (for series), 125
isodiametric, 208
Jensen, 126, 130, 354
Kolmogorov, 320 (Pr 25.8)
Markov, 91, 93
Minkowski, 118, 131
Minkowski (for 0 < p < 1), 131, 134 (Pr 13.19)
Minkowski (for integrals), 148
Minkowski (for series), 125
moment, 134 (Pr 13.20)
strong-type, 309
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truncation, 229 (Pr 19.6)
weak-type maximal, 309
Young, 117, 133 (Pr 13.6)
Young (convolution), 158, 163 (Pr 15.14, 15.15)
injective map, 7
inner product, 323
integrability
comparison test, 87 (Pr 10.5)
of complex functions, 424
of exponentials, 108, 112 (Pr 12.18)
of (fractional) powers, 108, 180
(improper) R-integral, 102, 104, 443, 448, 459,
461, 462
integrals of image measures, 154, 155
Lebesgue integrals, 84
of positive functions, 84
integrable function, see also LY, 0P, ete.
improperly R-, not L., 106
is a.e. R-valued, 91
Riemann, 102
integral, see¢ also Lebesgue, Riemann, Stieltjes
integral
complex functions, 322, 423
w.r.t. counting measure, 78, 86, 124
generalizes series, 124
w.r.t. image measures, 154
and infinite series, 77 (Pr 12.4, 12.5),
111 (Pr12.4, 12.5)
is positive linear functional, 85
iterated vs. double, 150 (Pr 14.4-14.6)
lattice property, 84, 448
measurable functions, 82
over a null set, 89
over a subset, 86
positive functions, 75, 77-78
properties, 84—85
rotationally invariant functions, 180
simple functions, 73
integral test for series, 462
integration by parts
Lebesgue integral, 144
Riemann integral, 454
Stieltjes integral, 152 (Pr 14.18)
integration by substitution, 454, see also change of
variable formula
inverse Fourier transform, 220
isodiametric inequality, 208

Jacobi polynomials, 371
Jacobian, 165
Jensen’s inequality, 126, 130, 354

kernel, 80 (Pr 9.13)
Kolmogorov’s inequality, 320 (Pr 25.8)
Korovkin’s theorem, 374

#' (summable sequences), 86
£2 being isomorphic to separable Hilbert spaces,
337-338

125
Lt L}ﬁ (integrable functions), 82
Lk, 424
L£P,116
L7, 15, 424
17,119
L =1£,120
completeness, 121
not separable, 364
separability, 362-364
L>®, L, 116
Laguerre polynomials, 372
law of large numbers, 294-297
Lebesgue
convergence theorem, 97
decomposition theorem, 235, 306
differentiation theorem, 315
integrable, 83
measurable, 429
pre-measure, 48
o-algebra, 429
Lebesgue integral, 83
abstract, 83n
change of variable formula, 166, 171
invariant under reflections, 156
invariant under translations, 156
polar coordinates, 178, 180
Lebesgue measure, 27
change of variable formula, 57
characterized by translation invariance, 35
dilations, 38 (Pr 5.9)
existence, 27, 50, 141, 249
vs. Hausdorfl measure, 209
invariant under motions, 58
invariant under orthogonal maps, 56
invariant under translations, 35
is diffuse, 51 (Pr 6.8)
null sets, 29 (Pr 4.13), 52 (Pr 6.11)
as product measure, 141
properties, 51 (Pr 6.6)
regularity, 173, 183 (Pr 16.2), 249
uniqueness, 27
Lebesgue-Stieltjes measure, see Stieltjes measure
Legendre polynomials, 372
lemma, see also theorem or inequality
Borel-Cantelli, 52 (Pr 6.12), 296
Calderén—Zygmund, 318
conditional Fatou’s lemma, 353
Doob’s upcrossing, 289
Fatou, 78, 80 (Pr 9.10), 80 (Pr 9.11), 88 (Pr 10.7)
Pratt, 110 (Pr 12.3)
Riemann-Lebesgue, 222
Urysohn, 417
Lévy’s continuity theorem, 255 (Pr 21.3)
lim inf, lim sup (limit inferior/superior)
of a sequence, 66, 409410
of a sequence of sets, 80 (Pr 9.11), 412
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Markov inequality, 91. 93
martingale, 276, see also submarungale
backwards convergence. 291
characterization, 284
closure, 356
and conditional expectation.
and convex functions, 277, 33
difference sequence, 287 (Pr 23.10)
with directed index set, 301
inequality, 307-310, 387
L!-convergence, 303, 356
L£2-bounded, 299 (Pr 24.8)
LP-bounded, 321 (Pr 25.11)
non-closable, 369 (Pr 27.18)
quadratic variation, 388
transform, 286 (Pr 23.7)
uniformly integrable (UT), 292, 356
martingale convergence theorem, 289, 303
martingale difference sequence, 368 (Pr 27.16), 396
a.e. convergence, 397, 398, 400
of independent functions, 400
L2-convergence, 400
L?-convergence, 398
ONS, 397
maximal function
Hardy-Littlewood, 311
of a measure, 314
square maximal function, 310
mean value theorem, 449, 455
measurability
continuity points, 426
of continuous maps, 54
of coordinate functions, 58 (Pr 7.8)
of indicator functions, 62
X -measurability, 40, 45, 198
measurable map, 58 (Pr 7.8)
measurable map/function, 53, 60
complex valued, 423
composition, 54
properties, 66—67
measurable set, 16, 18, 40, 198
measurable space, 23
measure, 23, see also Lebesgue, Stieltjes measure
absolutely continuous, 230, 300
completion, 30 (Pr 4.15), 50 (Pr 6.4), 93 (Pr 11.5),
94 (Pr 11.6), 151 (Pr 14.15), 183 (Pr 16.3)
continuity, 24, 28
counting, 26, 124, 206
§-function, 26
with density, 86-87, 230, 301
diffuse, 51 (Pr 6.8)
Dirac, 26
equivalent, 236 (Pr 20.2)
finite, 23
Hausdorff, 203
invariant, 38 (Pr 5.10)
locally finite, 314n, 314
metric outer measure, 200

333
7

7
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non-atomic, 51 (Pr 6.8)

outer measure, 198, 246

pre-measure, 23, 48

probability, 23, 26

product, 138-139

properties, 24

Radon, 248

regular, 189, 204, 212 (Pr 18.2), 212 (Pr 18.3),

244,437

separable, 364

o-additivity, 3, 23

o-finite, 24, 30 (Pr 4.20), 236 (Pr 20.4)

o-subadditivity, 24

signed, 248

singular, 235, 236 (Pr 20.5), 306

on§7~! 181, 181

strong additivity, 24

subadditivity, 24

surface, 184 (Pr 16.7)

uniqueness, 34
measure determining set, 191
measure kernel, 80 (Pr 9.13)
measure space, 23

complete, 30 (Pr 4.15)

finite, 23

probability space, 23

o-finite, 24, 30 (Pr 4.20)

o-finite filtered, 275, 301
Mellin convolution, 162 (Pr 15.5)
metric outer measure, 200
metric space, 416
Minkowski’s inequality, 118, 131

for0<p< 1,131,134 (Pr13.19)

for double integrals, 148

for series, 125
moment generating function, 114 (Pr 12.32)
moment inequality, 134 (Pr 13.20)
monotone class, 22 (Pr 3.14), 38 (Pr 5.13)
monotone class theorem, 22 (Pr 3.14), 68
monotone convergence theorem, 96
monotone function

discontinuities, 147

is Lebesgue a.e. continuous, 147

is Lebesgue a.e. differentiable, 321 (Pr 25.14)

is Riemann integrable, 446
monotonicity

of the integral, 85, 448

of measures, 24

of a positive linear functional, 239

non-measurable set, 52 (Pr 6.13, 6.14)

for the Borel o-algebra, 431

for the Lebesgue o-algebra, 430, 431
norm, 116

and inner products, 324

119

L, 116

L>, L= 116
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normal distribution, 176, 193, 215, 404
null set, 29 (Pr 4.12), 52 (Pr 6.11), 89
subsets of a null set, 30 (Pr 4.15)
under continuous maps, 174
under Holder maps, 170

optional sampling theorem, 285, 286
orthogonal
complement, 327
elements of a Hilbert space, 327
projection, 328, 340 (Pr 26.7)
projection as conditional expectation, 357-358
vectors, 326
orthogonal polynomials, 371-373
Chebyshev polynomials, 371
complete ONS, 375, 376
dense in 12, 375, 376
Hermite polynomials, 372
Jacobi polynomials, 371
Laguerre polynomials, 372
Legendre polynomials, 372
orthonormal basis/system (ONB/ONS), 332, 335
complete, maximal, total ONS, 335
orthonormalization procedure, 336
outer measure, 198, 246

parallelogram identity, 326, 338 (Pr 26.2)
parameter-dependent
(improper) R-integral, 115 (Pr 12.37), 456-458,
460-461
L-integral, 99-101, 108
Parseval’s identity, 333
partial order, 10
partition of unity, 418
Plancherel’s theorem, 226
polar coordinates
2-dimensional, 176
3-dimensional, 185 (Pr 16.10)
n-dimensional, 177
spherical, 181-183
polarization identity, 326
generalized, 338 (Pr 26.5)
Polish space, 435n, 435
portmanteau theorem, 250
positive linear functional, 238
in C,, 244
in £7, 241
is continuous, 239
power set, 13
Pratt’s lemma, 110 (Pr 12.3)
pre-measure, 23, 48
extension, 39
primitive, 112 (Pr 12.16), 143, 375, 450, 452
differentiability, 321 (Pr 25.13)
L-integrability, 454
probability measure, 23, 26
probability space, 23

Index

product
of measurable spaces, 138
measure space, 141
measures, 138-139
o-algebra, 138, 149
projection, 328, 340 (Pr 26.17)
orthogonal, 331
projection theorem, 328
property (N) of Lusin, 174
Pythagoras’ theorem, 331, 333, 339 (Pr 26.6)

quadratic variation (of a martingale), 388

Rademacher functions, 393
a.e. convergence, 394
are an incomplete ONS, 393
completion, 396
Radon measure, 248
Radon—Nikodym derivative, 230, 301
Radon-Nikodym theorem, 301
random variable, 53, 155, see also independent
random variable
distribution, 56
rearrangement
decreasing, 153 (Pr 14.19)
invariant, 153 (Pr 14.19)
rectangle, 19
regularity of measures, 189, 204, 244, 437
Riemann integrability, 104, 443
criteria, 443, 448
Riemann integral, 101, 441-443
vs. antiderivative, 452
function of upper limit, 450
improper, 105, 148, 458-464
and infinite series, 461
properties, 448
Riemann sum, 446
Riemann-Lebesgue lemma, 222
Riesz representation theorem, 332
for C,, 244
for L7, 241
Riesz’s convergence theorem, 123
Riesz-Fischer theorem, 121
ring of sets, 42n

scalar product, see inner product
Schwartz space S(R"), 227
semi-norm (in £7), 119
semi-ring (of sets), 39, 137
S 47
separability of £7, 195 (Pr 17.6)
separability of C,, 419
separable
Hilbert space, 325, 337-338, 339 (Pr 26.11)
L7-space, 364
measure, 364
o-algebra, 364
sesquilinear form, 323
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cardinality, 8
closed in R”, 18
countable, 8
dense, see dense subset
measurable, 16, 18, 40, 198
©*-measurable, 40, 45, 198
non-measurable, see non-measurable set
nowhere dense, 59 (Pr 7.12)
open in R", 18
uncountable, 8
upwards filtering/directed, 301
o-additivity, 3, 23
o-algebra, 16
Borel, 18
examples, 16-17
generated by a family of maps, 55
generated by a family of sets, 17
generated by a map, 55
generator, 17
inverse image, 17, 53
minimal, 17, 55
product, 138, 149
properties, 16, 21 (Pr 3.1)
separable, 364
topological, 18
trace, 17,22 (Pr 3.13)
o-finite filtered measure space, 275
o-finite measure (space), 24
signed measure, 248
simple functions, 63
dense in £P, 186
dense in M, 64
integral, 73
not dense in £°°, 187
standard representation, 63
uniformly dense in M, 65
sine integral, 145, 217
singleton, 51 (Pr 6.8)
Souslin operation, 435
Souslin scheme, 431
Souslin set, 432
span, 332, 339 (Pr 26.15)
spherical coordinates, 181-183
standard representation, 63
step function, 446, see¢ also simple functions
is Riemann integrable, 446
Stieltjes function, 50 (Pr 6.1)
Stieltjes integral, 152 (Pr 14.18)
change of variable, 152 (Pr 14.18)
integration by parts, 152 (Pr 14.18)
Stieltjes measure, 50 (Pr 6.1), 152 (Pr 14.18)
Lebesgue decomposition, 237 (Pr 20.8)
stopping time, 283
characterization, 287 (Pr 23.15)
strong additivity, 24
strong-type inequality, 309
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subadditivity, 24
submartingale, 276

a.e. convergence, 289

backwards convergence, 293

change of filtration, 286 (Pr 23.2)
characterization, 284

w.r.t. completed filtration, 286 (Pr 23.3)
and conditional expectation, 355

and convex functions, 277, 357

Doob decomposition, 368 (Pr 27.17)
Doob’s maximal inequality, 308, 320 (Pr 25.10)
examples, 277-280, 298 (Pr 24.6)
inequalities for, 307-310
L!-convergence, 292

uniformly integrable (UT), 291, 292
upcrossing estimate, 289

supermartingale, 276

surface measure, 181182, 184 (Pr 16.7)

surjective map, 7

symmetric difference, 14 (Pr 2.2, 2.6), 30 (Pr 4.16),

38 (Pr 5.12)

theorem, see also lemma or inequality

backwards convergence, 291

Beppo Levi, 75

Bochner, 256 (Pr 21.4)

Bonnet’s mean value, 455

bounded convergence, 273 (Pr 22.7)
Cantor-Bernstein, 10

Carathéodory, 39

conditional Beppo Levi, 352

conditional dominated convergence, 354
conditional Fubini, 354

continuity (R-integral), 456, 460
continuity lemma, 99

convergence of UI submartingales, 292
convolution, 221

differentiability (R-integral), 457, 460
differentiability lemma, 100, 153 (Pr 14.20)
dominated convergence, 97

dominated convergence in £7, 110 (Pr 12.1), 123
Doob, 320 (Pr 25.3)

Egorov, 95 (Pr 11.12)

existence of product measures, 139
extension of measures, 39

Fréchet-von Neumann-Jordan, 338 (Pr 26.2)
Fubini, 142

Fubini for series, 321 (Pr 25.15)
fundamental theorem of calculus, 453
Hardy-Littlewood inequality, 312

integral test for series, 462

integration by parts, 144, 454

integration by substitution, 454

Jacobi’s transformation, 166. 171
Korovkin. 374

Lebesgue convergence, 97

Lebesgue convergence (in £7), 110 (Pr 12.1), 123
Lebesgue decomposition, 235, 306
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Lebesgue differentiation, 315
Lévy continuity, 255 (Pr 21.3)
Lusin, 195 (Pr 17.7)
M. Riesz, 382
martingale convergence, 289, 303
mean value (integrals), 449, 455n
monotone class, 22 (Pr 3.14), 68
monotone convergence, 96
optional sampling, 285, 286
Plancherel, 226
projection, 328
Pythagoras, 331, 333, 339 (Pr 26.6)
Radon-Nikodym, 230, 301
Riesz representation, 241, 244, 332
Riesz’s convergence, 123
Riesz-Fischer, 121
submartingale convergence, 289
Tonelli, 142
uniqueness of measures, 34, 37 (Pr 5.7)
uniqueness of product measures, 139
Vitali covering, 427
Vitali’s convergence, 262, 264
Weierstrall approximation, 373, 381
tightness, 252, 266
Tonelli’s theorem, 142
topological o-algebra, 18
topological space, 18
trace o-algebra, 17, 22 (Pr 3.13)
transformation formula
for Lebesgue measure, 57
trigonometric polynomial, 377
dense in C[—m, 7], 381
trigonometric system, 376
complete in L2, 377, 381
truncation inequality, 229 (Pr 19.6)

unconditional basis, 387-389
uncountable, 8
uniform boundedness principle, 339-340 (Pr 26.16)
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uniformly integrable (UT), 258, 274 (Pr 22.12)
vs. compactness, 266
equivalent conditions, 265
uniformly o-additive, 266
uniqueness of measures, 34, 37 (Pr 5.7)
uniqueness of product measures, 139
unit mass, 26
upcrossing, 288
upcrossing estimate, 289
upwards filtering/directed, 301
Urysohn’s lemma, 417

vague convergence, 250
compactness, 253
criterion, 250
vague boundedness, 253
vague compactness, 255
vs. weak convergence, 252
variance, 155
vector space, 322
Vitali’s convergence theorem, 262, 264
Vitali’s covering theorem, 427
volume doubling property, 319
volume of unit ball, 181

Walsh system, 396
weak convergence, 224, 250

in £P, 255 (Pr21.2)

vs. vague convergence, 252
weak-type maximal inequality, 309
Weierstral3 approximation theorem, 373
Wiener algebra A(R"), 223
Wiener process, 404-407

Young function, 133 (Pr 13.6)

Young’s convolution inequality, 158, 163 (Pr 15.14,
15.15)

Young’s inequality, 117

Young inequality, 133 (Pr 13.6)



List of Symbols

This is intended to aid cross-referencing, so notation that is specific to a single section
is generally not listed. Some symbols are used locally, without ambiguity, in senses
other than those given below. Numbers following entries are page numbers, with the
occasional (Pr m.n) referring to Problem m.n on the respective page.
Unless stated otherwise, binary operations between functions such as f £ g, f- g,
fAg fV g comparisons f< g, f< g or limiting relations f, — £, lim,, f,,, lim inf,, f;,
x>

lim sup f,, sup; f; or inf; f; are always understood pointwise.
Alternatives are indicated by square brackets, i.e., ‘if 4 [B] ... then P [Q] should be

read as ‘if A ... then P’ and ‘if B ... then .

Generalities
positive
negative
N

Ny
Z,Q,R,C
R

inf®, sup §
avb
anb

lim inf, a,,
lim sup,, ay,
|x|

(x,3)

Wp

always in the sense = 0
always in the sense <0

natural numbers: 1,2,3,. ..
positive integers: 0, 1,2, ...

integer, rational, real,
complex numbers

[_007 +oo]

inf) = +o0, sup @ = —oo
maximum of ¢ and »
minimum of g and b
sup, inf>« a,, 409

infy sup,,; an, 409
Euclidean norm in R”,
[P =xf -+ +x;
scalar product Y7, x;y;
volume of the unit ball in
R”, 181

Sets and set operations

AUB
AUB
ANB
A\ B
A(f

AAB
ACB
A B
A X B
A

AO

union 6

union of disjoint sets, 6
intersection, 6
set-theoretic difference, 6
complement of 4, 6
(4\B)U(B\ 4)
subset (includes ‘=), 6
proper subset, 6
Cartesian product
closure of 4

open interior of 4

AnTA, Anl A 23

X

AxB

A'l

AN

#A

t-A

x+A
Eng
liminf, 4,
lim sup, 4,
{a,b),a, b
(a,bl,la,b)
B,(x)

Cartesian product
n-fold Cartesian product
infinite sequences in 4
cardinality of 4, 8
{ta:ae 4}

{x+a:ac A}
{ENA:Ae}, 17
Uken Nrzi 4ns 413

(ken Unzi 4n> 413
open, closed intervals
half-open intervals

open ball with radius r and
centre x

Families of sets

TRIR

i)iEI

&

—

a"Q{O'
x B

RRKR

od @B
(%)

R

B(RM)

generic o-algebra, 16
completion 30 (Pr 4.15)
filtration, 276
o(iel)=0 (Ue; %)
(Nec—n S

283

{AxB:Ac o, Bec #}
rectangles
product-o-algebra, 138
Borel sets in X, 18:
X=R"(18), X=ACR" (22
Pr3.13), X=R (61), X=C
(88 Pr 10.9, 423)
completion of the Borel
sets, 151 (Pr 14.15), 172,
429



List of Symbols Xi

F. 7O, Fra rectanglesin R”, 19
N, p-null sets, 29 (Pr 4.12), 89

u
o(X) topology, open sets in X, 18

P(X) all subsets of X, 13

(%) Dynkin system generated
by ¥4, 32

o(¥4) c-algebra generated by
“,17

o(T),o(T;:iel) o-algebra generated by

the map(s) T, resp., T;, 55
(X, &) measurable space, 23
(X,«/, ) measure space, 24
(X, o, o, 1) filtered measure space,

275,276
Maeasures and integrals
v generic measures
Ox Dirac measure in x, 26
AN Lebesgue measure, 27
poT ! T(u) image measure, 55
U, up measure with density, 86
X v product of measures, 141
137 convolution, 157
nLy absolute continuity, 300
uwly singular measures, 306
dv/du Radon-Nikodym
derivative, 230, 301
EY conditional expectation,
343, 346, 348
Judu 74, 82
f udu [ 1qudy, 86
Judx 83

JudT(p)  [uo Tdu, 154

fab u(x) dx, (R) fab u(x) dx Riemann
integral, 102, 443

Functions and spaces

1 A
T4 “A(x):{oz i;A
sgn(x) 1 (0,00) (X) -1 (~00,0) (X)
id identity map or matrix
det determinant (of a matrix)
u(A) {u(x):xe A}
u(B) {w"Y(B): Be B}, 17
ut max{u(x), 0} positive part
u- —min{u(x), 0} negative

part

{ue B} {x:u(x) e B}, 60
{uz A} {x:u(x)= A} etc., 60

supp u support {u# 0}
C(X) continuous functions on X
Co(X) bounded continuous
functions on X
Coo(X) continuous functions on X
with lim #(x)=0
|x] =00
C(X) continuous functions on X
with compact support
E() simple functions, 63
M) measurable functions, 62

Mg() measurable functions,

values in R, 62

L integrable functions, 82
= integrable functions, values
inTR, 82
LP, L™ 116
7. L 119

£, I, 423,214
¢Y(N), £(N) 124-125

il (J lulpd)'"?, p < o0, 116

Ilefl oo inf{c: u{ju| 2 c} =0}, 114

M (X) regular measures on X, 437

Abbreviations

a.a., a.e. almost all/every(where), 89

Ul uniformly integrable, 258

W.I.t. with respect to

U/N-stable stable under finite
unions/intersections

O end of proof

[#9) indicates that a small
intermediate step is
required

* can be omitted without loss
of continuity

g% (in the margin) caution

(D1 {(D3;) Dynkin system, 32, 37
(Mo)-(M3) measure, 23
(OM[){OM3;) outer measure, 40, 200
(O1)H0;)  topology, 18

(S1)-(S3) semi-ring, 39

(£1)(23) o-algebra, 16



MEASURES, INTEGRALS
AND MARTINGALES

SECOND EDITION

RENE L. SCHILLING

Technische Universitit, Dresden

B CAMBRIDGE
% UNIVERSITY PRESS




CAMBRIDGE

UNIVERSITY PRESS

University Printing House, Cambridge CB2 8BS, United Kingdom
One Liberty Plaza, 20th Floor, New York, NY 10006, USA

477 Williamstown Road, Port Melbourne, VIC 3207, Australia
4843/24, 2nd Floor, Ansari Road, Daryaganj, Delhi -- 110002, India
79 Anson Road, #06-04/06, Singapore 079906

Cambridge University Press is part of the University of Cambridge.

Tt furthers the University’s mission by disseminating knowledge in the pursuit of
education, learning, and research at the highest international levels of excellence.

www.cambridge.org
Information on this title: www.cambridge.org/9781316620243
DOT: 10.1017/9781316718339

© René L. Schilling 2005, 2017

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written
permission of Cambridge University Press.

First published 2005
Second edition 2017

Printed in the United Kingdom by Clays, St Ives plc
A catalogue record for this publication is available from the British Library.
ISBN 978-1-316-62024-3 Paperback

Cambridge University Press has no responsibility for the presistence or accuracy

of URLs for external or third-party Internet Web sites referred to in this publication
and does not guarantee that any content on such Web sites is, or will remain,
accurate or appropriate.



