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This should be used in conjunction with the references, the table of contents,
the lists of symbols and the list of topics. Generally, index entries are theorems,
concepts and methods, but not concrete counterexamples. These can be found
using the table of contents or the list of topics. Numbers following entries are
either chapter numbers (§n) or page numbers (n), bold numbers refer to de�n-
itions and important statements. The symbols Y and ! refer to pictures and
tables. Unless otherwise stated, ‘integral’, ‘integrability’, etc. always mean the
(abstract) Lebesgue integral.Within the indexwe use ‘L. . . ’ and ‘R. . . ’ as a short-
hand for ‘(abstract) Lebesgue. . . ’ and ‘Riemann. . . ’.

(M0)–(M2), 7
(OM1)–(OM3), 28
(O1)–(O3), 36
(R1), (R2), 2
(S1)–(S3), 27
(Σ1)–(Σ3), 7

absolute continuity
function, 157
measure, §17, 29, 160, 319

algebra, 73
analytic set, see Souslin set
atom
�-algebra, 74
functions on, 166
measure, §6, 123, 130
signed measure, 134

axiom of choice, 41

Baire class, 180
Baire �-algebra, 96–99
Baire space, 41
Banach limit, 104
Banach–Tarski paradox, 162
Bernoulli convolutions, 325
Besicovitch set, 161
Besov space, 216
bi-measurable, 118, 171–173
Bochner integral, 367
Borel function, 164
Borel measurable, §8, 164
Borel �-algebra, §4, 9
cardinality, 91, 96, 178
generator, 86
trans�nite induction, 95
vs. Baire �-algebra, 97
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Cantor function, 49,Y 50, 257,
265–267

and Rademacher functions,Y 53
as distribution function, 321, 325
Bernoulli convolution, 325
inverse,Y 53
Smith’s version, 59

Cantor set, 47, 68, 140, 171
fat, see fat Cantor set
Minkowski sum of, 141, 158
space-�lling curve, 255

Carathéodory extension, §9, 28, 182,
295

maximality, 183
cardinal number, 43, 45
real measurable, 119

category
Baire theorem, 40
�rst, 40, 144, 145, 147, 302, 306
second, 40, 145, 155, 160

change of variables formula, 25, 214
characteristic function, see Fourier

transform
completion, seemeasure, completion
content, 100
continuity points, 168–171, 249–250
continuum hypothesis, 43, 46
convergence (functions), §11
almost everywhere, §11, 221
almost uniformly, §11, 221
derivatives, 270
in Lp, §18, §11, 221
in Lp weakly, 221, 331, 357,

361–363, 384
in measure, §11, 19, 234
in probability, §11, 19, 234
overview,Y 20,! 226, 227
strong vs. weak convergence in Lp,

233, 365
subsequence principle, 222, 233

convergence (measures), §19
setwise, 370
total variation, §19, 373
vague, §19, 371
vague vs. weak, 372
weak, §19, 371
weak∗, 371

convexity
local, 343, 368
strict, 331
uniform, 331, 365

convolution, 26, 114–117, 176, 213,
258, 324–328, 364, 378

in�nite, 325
support, 126–128

derivative, §14
of monotone function, 261
Radon–Nikodým, §17, 278, 317
series of monotone functions, 266

diagonal (non-measurable), 284, 288
Dieudonné measure, 101, 125, 127,

258, 361
Dirichlet’s jump function, 59
Dynkin system, 76

F�-set, 37, 145, 146, 170
fat Cantor set, 140, 144, 159–162, 171,

249
geometric, 140

�lter, 103
�nite subset property, 100, 219, 338,

352, 355, 358
Fourier transform, 113, 378
decay, 325

G�-set, 37, 96, 146, 169

Hilbert cube, 256
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image measure, seemeasure, image
inequality
Hölder, 15
Hölder reverse, 341
Jensen, 17
Minkowski, 16
Minkowski double integral, 24
Minkowski reverse, 341
Young, 26

in�nite product
�-algebra, see product �-algebra
topology, see topology, product

inner measure, §9, 100, 184
inner regular, §9, 185
integrability, §10
layer-cake formula, 23, 206, 207
series test, 206
weak vs. strong, 220

integration, see also Lebesgue integral
and Riemann integral

by parts, 311
by substitution, 25, 214
history, 31–35
overview,Y 14

intermediate value property, 64

joint measurability, §15, §16,
166–168, 280

layer-cake formula, 23, 206, 207
Lebesgue �-algebra, §7, 10
Lebesgue integral, 13
vs. Riemann integral, 19,Y 56

Lebesgue measurable, §8, 164
Lebesgue measure, 10
�nitely additive extension, 163, 188
in�nite dimension, 121

Lebesgue point, §14, 262
Lebesgue space Lp, §10, §18, 14
completeness, 16

convergence, see convergence (fn)
dense subset, 349–351
dimension, 337, 348, 351
dual, 16, 330, 354–359
log-convexity of norm, 334
p ∈ (0, 1), 341–345
p < 0, 346
re�exive, 330
separability, 346–349
sequence space lp, 334
uniform convexity, 365
unit ball of lp,Y 331

Lebesgue–Stieltjes measure, 108, 311,
325

locally integrable, 203, 210
Lusin’s condition (N), 157

(M0)–(M2), 7
meagre, see category, �rst
measurable cardinal, 119
measurable function, §8, 10, 164
approximation, 180, 293
graph of, 291
jointly measurable, §15, §16,

166–168, 280
measurable set, §7, 7, 138
approximation, 180
Baire measurable, 96
�∗ measurable, §9, 28

measurable space, 7
measure, §5, 7
absolutely continuous, §17, 29,

160, 319
atom, §6, 123, 130
(non-)atomic, §6, 123
Borel, 100
co-countable, 8, 101, 106, 111, 116,

128, 131, 166, 196, 242, 381
completion, 9, 190, 281
continuity from above, 8, 108
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continuity from below, 8
continuous, §17, 317
di�use, §6, 123
examples,! 8–10
extension, §5, §9, 28
�nite subset property,! xxviii,

100, 219, 338, 352, 355, 358
image, 8, 24, 109, 117
Jordan decomposition, 30
kernel, 314
Lebesgue decomposition, §17, 29
localizable, 356
locally �nite, 109
marginal, 21
max/min of, 329
product, see product measure
pull-back of, 118
purely atomic, §6, 123, 348,

380–381
Radon, 242
range, §6, 123
regular, §9,! xxviii, 185
relative to a family, §5, 27, 106, 194
s-�nite, 109
�-�nite, §5,! xxviii, 7, 217
signed, 30, 106, 128, 134, 136, 375,

377–378
singular, §17, 29
support, §6, 123
�-additive/continuous, 242, 373
tight, 119, 377
trace, 8, 107
translation-invariant, 120
two-valued, §6, 123
uniqueness, §5, 27, 110

measure space, 7
metric space,! xxix, 38, see also

topological space
Minkowski sum, 141, 158–162
moment problem, 112

monotone class, 77
�∗ measurable set, §9, 28

Nedoma’s pathology, 288
nicely shrinking sets, 262, 276
non-measurable set, §7, 185
diagonal, 284, 288

nowhere dense set, 40

(O1)–(O3), 36
(OM1)–(OM3), 28
ordinal number, 44
ordinal space, 45, 46
�-algebra, 75, 101, 125, 127, 258,

360
continuous function, 47
measure, 101, 125, 127, 258, 361
topology, 46

outer envelope, 183
outer measure, §9, 28, 100
outer regular, §9, 185

parallelogram law, 351
parameter-dependent integral
continuity, 18, 243, 272
di�erentiability, 18, 271–272

perfect set, 47
Pisot–Vijayaraghavan number, 328
Polish space, 39
pre-measure, seemeasure, relative to

a family
primitive, 2, 4, 23, 31–35, 60, 262
probability measure, 100
product measure, §16, 21
completion, 281
existence, 22, 295
uniqueness, 22, 298

product �-algebra, §15, 10
diagonal, 284, 288
generator, 282
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in�nite, 76, 78, 87, 90, 99, 131, 286,
315, 322

projective limit, 315
pull-back measure, 118
push-forward measure, seemeasure,

image

quasi-norm, 341, 368

(R1), (R2), 2
Rademacher function, 51,Y 52, 327
rectangle, 10, 21, 280, 293, 300–302
Sorgenfrey plane, 285

red-ink treatment, 1–393
Riemann integrability, §3, 3
convergence theorem, 67
implies L-measurability, 56

Riemann integral, §3, 1
bivariate, 69
improper, 208
vs. Lebesgue integral, 19,Y 56

Riemann’s function, 61,Y 61
Riemann–Stieltjes integral, 71
ring, 73

(S1)–(S3), 27
(Σ1)–(Σ3), 7
semi-ring, 27, 73
semicontinuous function, 63
set function, §5, 100
additive, 100, 359, 371

�-algebra, §4, 7
atom, 74
Baire, 96–99
cardinality, 78, 89
co-countable, 8, 74, 77, 81, 82, 85,

86, 101, 106, 108, 111, 116,
120, 128, 131, 166, 191, 195,
242, 288, 290, 291, 355, 381

completion, 9

countably generated, 74, 81–83,
129, 284

discrete, 8
examples,! 8–10
generator, 73, 180
in�nite product, 76, 78, 87, 90, 99,

131, 286, 315, 322
Lebesgue, see Lebesgue �-algebra
�∗ measurable sets, §9, 28
ordinal space, 75, 101, 125, 127,

258, 360
product, §15, 10
trace of, 8

simple function, 11
approximation by, 11, 180, 293

Sorgenfrey line, 39
Borel �-algebra, 88, 149, 168, 196,

197, 285
Lindelöf, 88

Sorgenfrey plane
Borel �-algebra, 168, 285

Souslin set, 91, 138
characterization, 139, 150
(pre)image of, 150

space-�lling curve, 256
subsequence principle, 222, 233
support, §6, 123

theorem
Alexandro�, 373
Arzelà–Osgood, 67
Baire, 40
Beppo Levi, 12
Borel–Cantelli lemma, 222
Cantor–Bernstein, 44
Carathéodory, §9, 28, 182, 295
dominated convergence, §12, 18
Doob–Dynkin theorem, 177
Egorov, 229–231
factorization lemma, 177
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Fatou’s lemma, §12, 18
Fréchet et al, 351
Fubini, §16, 23
fundamental theorem of calculus,

§14, 261, 262
Hahn–Jordan decomposition, 30
Hausdor� maximality principle, 42
Ionescu-Tulcea, 316
Jacobi transformation, 25
Jessen–Wintner pure type, 327
Kakutani, 324
Kolmogorov existence, 316
Lévy continuity, 378–379
Lebesgue’s convergence, §12, 18
Lebesgue’s decomposition, §17, 29,

322
Lebesgue’s di�erentiation, §14,

262, 276–279
Lusin, §13, 247
Marczewski, 232, 234
Milman–Pettis, 366
monotone convergence, §12, 17
Nikodým convergence, 370
Pettis, 367
portmanteau, §19, 372
Prohorov, 316, 377
Radon–Nikodým, 29
Riesz convergence, 239
Riesz representation, 17, 360–361
Riesz–Fischer, 16
sombrero lemma, 11, 179
Steinhaus, §7, 159
Tietze’s extension, 170
Tonelli, §16, 22
Tychono�, 39
uniqueness of measures, 27

Urysohn lemma, 97
Urysohn’s lemma, 372
Vitali’s convergence, 21
Weil, 121
well-ordering, 42
Zorn’s lemma, 42

Thomae function, 59,Y 63, 249, 250,
252

reciprocal,Y 204
tightness, 119
topological space, 36
examples, 38–40
�rst countable, 37
Hausdor�, 37
Lindelöf, 88
locally compact, 37
second countable, 37
separable,! xxix
�-algebra, see Borel �-algebra
�-compact,! xxix, 86, 110

topology, 36
basis, 37
co-�nite, 38, 74, 83, 86, 98, 195
discrete, 38, 85, 86, 97, 106, 120,

135, 198, 360
neighbourhood (base), 36
ordinal space, 46
product, 39, 87, 99, 174, 234, 243,

286, 322
relative/trace, 38
Sorgenfrey, 39

trans�nite induction, 43, 95

ultra�lter, 103
uniform integrability, §12, 20, 363
universal set, 93, 151


