Preface

Bernstein functions and the important subclass of cometmstein functions ap-
pear in various fields of mathematics—often with differeetiitions and under dif-
ferent names. Probabilists, for example, know Bernstaictfans as Laplace expo-
nents, and in harmonic analysis they are called negativaigefunctions. Complete
Bernstein functions are used in complex analysis underahgerPick or Nevanlinna
functions, while in matrix analysis and operator theorg tlame operator monotone
function is more common. When studying the positivity ofusimins of Volterra in-
tegral equations, various types of kernels appear whichedaged to Bernstein func-
tions. There exists a considerable amount of literatureamh ®f these classes, but
only a handful of texts observe the connections between thrense methods from
several mathematical disciplines.

This book is about these connections. Although many readaysnot be familiar
with the nameBernstein functionand even fewer will have heard cbmplete Bern-
stein functionswe are certain that most have come across these familibsiinown
research. Most likely only certain aspects of these clasSasctions were important
for the problems at hand and they could be solved oadahocbasis. This explains
quite a few of the rediscoveries in the field, but also thatynasults and examples
are scattered throughout the literature; the exceedingjtystructure connecting this
material got lost in the process. Our motivation for writithis book was to point
out many of these connections and to present the materialiifiad way. We hope
that our presentation is accessible to researchers andageastudents with different
backgrounds. The results as such are mostly known, but puoagh and some of the
proofs are new: we emphasize the structural analogies betthe function classes
which we believe is a very good way to approach the topic. &ihes always im-
portant to know explicit examples, we took great care toemblimany of them in the
tables which form the last part of the book.

Completely monotone functions—these are the Laplaceftsems of measures on
the half-line[0, co)—and Bernstein functions are intimately connected. Thévder
tive of a Bernstein function is completely monotone; on tlieeohand, the primitive
of a completely monotone function is a Bernstein functidhig positive. This obser-
vation leads to an integral representation for Bernsteiotions: the Lévy-Khintchine
formula on the half-line

f(A):a+b>\+/(0 )(1—6_)‘t)u(dt), A > 0.

Although this is familiar territory to a probabilist, thisay of deriving the Lévy-
Khintchine formula is not the usual one in probability theoFhere are many more
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connections between Bernstein and completely monotonetifuns. For example,
f is a Bernstein function if, and only if, for all completely matone functiongy
the compositiory o f is completely monotone. Singgis a Laplace transform, it is
enough to check this for the kernel of the Laplace transfaemihe basic completely
monotone functiong(\) = e **, ¢ > 0.

A similar connection exists between the Laplace transfasfrompletely mono-
tone functions, that igjouble Laplacer Stieltjes transformsandcompleteBernstein
functions. A functionf is a complete Bernstein function if, and only if, for each 0
the compositiont + f(A\))~! of the Stieltjes kerne{t + \)~! with f is a Stieltjes
function. Note thatt + A\)~! is the Laplace transform of** and thus the func-
tions (t + )\)‘1, t > 0, are the basic Stieltjes functions. With some effort one can
check that complete Bernstein functions are exactly thaga$®ein functions where
the measure: in the Lévy-Khintchine formula has a completely monotonasiky
with respect to Lebesgue measure. From there it is possiletta surprising geo-
metric characterization of these functions: they are negative on(0, o), have an
analytic extension to the cut complex plafig (—oo, 0] and preserve upper and lower
half-planes. A familiar sight for a classical complex ars&lyhese are the Nevanlinna
functions. One could go on with such connections, delvirig @ontinued fractions,
continue into interpolation theory and from there to oparatonotone functions ...

Let us become a bit more concrete and illustrate our appnedblan example. The
fractional powers\ — A%, A > 0,0 < « < 1, are easily among the most prominent
(complete) Bernstein functions. Recall that

ﬁxA);:Aa::fzfézﬁLA“)(1—6—M>t—a—lm; 1)

Depending on your mathematical background, there are m#éayetht ways to derive
and to interpret (1), but we will follow probabilists’ custoand call (1) the Lévy-
Khintchine representation of the Bernstein functifn At this point we do not want
to go into details, instead we insist that one should reagiftirinula as an integral
representation of,, with the kernel(1 — e_)‘t) and the measure, t—<~1 dt.

This brings us to negative powers, and there is anothericédsspresentation

-8 _ L > Mt 6-1

A F(ﬂ)/o e P dt, >0, 2
showing that\ — A~? is a completely monotone function. It is no accident that the
reciprocal of the Bernstein functiok®, 0 < « < 1, is completely monotone, nor
is it an accident that the representing measyre “~! dt of \* has a completely
monotone density. Inserting the representation (2)f6ér ! into (1) and working out
the double integral and the constant, leads to the secondriamt formula for the
fractional powers,
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We will call this representation of* the Stieltjes representation. To explain why this
is indeed an appropriate name, let us go back to (2) and abteat:® ! is a Laplace
transform. This shows tha&t™®, o > 0, is a double Laplace or Stieltjes transform.
Another non-random coincidence is that

fa(N) 1 > a—
N T —a) /0 ol

is a Stieltjes transform and sois® = 1/f,()\). This we can see if we repla¢e !
by its integral representation (2) and use Fubini’s theorem

1 1

—a _ > 1 —a
n) - T T /0 A ()

It is also easy to see that the fractional powgrs> \* = exp(alog \) extend
analytically to the cut complex plang \ (—oo,0]. Moreover,z* maps the upper
half-plane into itself; actually it contracts all argumeiy the factorv. Apart from
some technical complications this allows to surround thgudarities of f,—which
are all in(—o0,0)—by an integration contour and to use Cauchy’s theorem for th
half-plane to bring us back to the representation (3).

Coming back to the fractional powef*, 0 < « < 1, we derive yet another rep-
resentation formula. First note that = foA as~(17%) ds and that the integrand
s—(1-2) is a Stieltjes function which can be expressed as in (4).rfstiheorem and

the elementary equality
A
1 A
=1 14—
/0 P ds = log < + t)

P m /Ooo log (1 + %) =1 gt. (5)

This representation will be called the Thorin represeaiedf A*. Not every complete
Bernstein function has a Thorin representation. The atistep in deriving (5) was
the fact that the derivative of¢ is a Stieltjes function.

What has been explained for fractional powers can be extkimdearious direc-
tions. On the level of functions, the structure of (1) is ewaeristic for the clas$F
of Bernstein functions, (3) for the clag$8JF of complete Bernstein functions, and
(5) for the Thorin-Bernstein functior$BF. If we considefexp(—tf) with f from
BF, CBF or TBF, we are led to the corresponding families of completely niome
functions and measures. Apart from some minor conditidresse are the infinitely
divisible distributionslD, the Bondesson class of measuBg£3 and the generalized
Gamma convolution&GC. The diagrams in Remark 9.17 illustrate these connec-
tions. If we replace (formally)\ by —A, whereA is a negative semi-definite matrix

yield
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or a dissipative closed operator, then we get from (1) andh@)lassical formulae
for fractional powers, while (3) turns into Balakrishnaftsmula. Considerin@3&
and CBJ we obtain a fully-fledged functional calculus for generatand potential
operators. Since complete Bernstein functions are openadootone functions we
can even recover the famous Heinz-Kato inequality.

Let us briefly describe the content and the structure of tieé bib consists of three
parts. The first part, Chapters 1-10, introduces the baagset of functions: the
positive definite functions comprising the completely mimne, Stieltjes and Hirsch
functions, and the negative definite functions which cdrdithe Bernstein functions
and their subfamilies—special, complete and Thorin-Beingunctions. Two prob-
abilistic intermezzi explore the connection between Beinsfunctions and certain
classes of probability measures. Roughly speaking, faye®ernstein functiory the
functionsexp(—tf), t > 0, are completely monotone, which implies thap(—tf)
is the Laplace transform of an infinitely divisible sub-pabidity measure. This part
of the book is essentially self-contained and should be ssiioke to non-specialists
and graduate students.

In the second part of the book, Chapter 11 through Chaptewé&4urn to appli-
cations of Bernstein and complete Bernstein functions. dfteéce of topics reflects
our own interests and is by no means complete. Notable amissire applications in
integral equations and continued fractions.

Among the topics are the spectral theorem for self-adjo@rators in a Hilbert
space and a characterisation of all functions which prestve order (in quadratic
form sense) of dissipative operators. Bochner's subotidinglays a fundamental
role in Chapter 12 where also a functional calculus for sdinate generators is de-
veloped. This calculus generalizes many formulae for ivael powers of closed
operators. As another application of Bernstein and cora@etrnstein functions we
establish estimates for the eigenvalues of subordinat&dgrocesses. This is con-
tinued in Chapter 13 which contains a detailed study of estegegunctions of killed
and subordinate killed Brownian motion. Finally, Chaptéiiddevoted to two results
in the theory of generalized diffusions, both related to plate Bernstein functions
through Krén’'s theory of strings. Many of these results appear for ttst fime in a
monograph.

The third part of the book is formed by extensive tables of glete Bernstein
functions. The main criteria for inclusion in the tables a/ére availability of explicit
representations and the appearance in mathematicatuitera

In the Appendix we collect, for the readers’ conveniencepsgupplementary re-
sults.

We started working on this monograph in summer 2006, durimgeamonth work-
shop organized by one of us at the University of Marburg. Qlieryears we were
supported by our universities: Institut fir Stochastik;Ai@ische Universitat Dresden,
Department of Mathematics, University of lllinois, and Rejment of Mathematics,
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University of Zagreb. We thank our colleagues for a stimogatvorking environ-
ment and for many helpful discussions. Considerable pesgneas made during the
two week Research in Pairs programme at the MathematisarssHengsinstitut in
Oberwolfach where we could enjoy the research atmosphetehenwonderful li-
brary. Our sincere thanks go to the institute and its alwaygfal staff.

Panki Kim and Hrvoje Siki read substantial parts of the manuscript. We are grate-
ful for their comments which helped to improve the text. Wartk the series editor
Niels Jacob for his interest and constant encouragemeistalpleasure to acknowl-
edge the support of our publisher, Walter de Gruyter & Co, imeditors Robert
Plato and Simon Albroscheit.

Writing this book would have been impossible without themrpof our families.
So thank you, Herta, Jean and Sonja, for your patience arefrstachding.
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