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Preface

Bemstein functions and the important subclass of complete Bernstein functions ap-
pear in various fields of mathematics - often with different definitions and under dif-
ferent names. Probabilists, for example, know Bernstein functions as Laplace expo-
nents, and in harmonic analysis they are called negative definite functions. Complete
Bemstein functions are used in complex analysis under the name Pick or Nevanlinna
functions, while in matrix analysis and operator theory the name operator monotone
function is more common. When studying the positivity of solutions of Volterra in-
tegral equations, various types of kernels appear which are related to Bernstein func-
tions. There exists a considerable amount of literature on each of these classes, but
only a handful of texts observe the connections between them or use methods from
several mathematical disciplines.

This book is about these connections. Although many readers may not be familiar
with the name Bernstein function, and even fewer will have heard of complete Bem-
steinfunctior?.§, we are certain that most have come across these families in their own
research. Most likely only certain aspects of these classes of functions were important
for the problems at hand and they could be solved on an ad hoc basis. This explains
quite a few of the rediscoveries in the field, but also that many results and examples
are scattered throughout the literature; the exceedingly rich structure connecting this
material got lost in the process. Our motivation for writing this book was to point
out many of these connections and to present the material in a unified way. we hope
that our presentation is accessible to researchers and graduate students with different
backgrounds. The results as such are mostly known, but our approach and some of the
proofs are new: we emphasize the structural analogies between the function classes
which we believe is a very good way to approach the topic. Since it is always im-
portant to know explicit examples, we took great care to collect many of them in the
tables which form the last part of the book.

Completely monotone functions - these are the Laplace transfbrms of measures on
the half-line [0, oo) - and Bernstein functions are intimately connected. The derivative
of a Bemstein function is completely monotone; on the other hand, the primitive of a
completely monotone function is a Bernstein function if it is positive. This observa-
tion leads to an integral representation for Bernstein functions: the L{vv-Khintchine
formula on the half-line
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fractional powers,

yield

I,* ** dt (4)

Preface

1d
L: r(a)r(l - cv)

We will call this representation of Aa the Stieltjes representation. To explain why this
is indeed an appropriate name, let us go back to (2) and observe that ta-1 is a Laplace
transform. This shows that ),-d, cy > 0, is a double Laplace or Stieltjes transform.
Another non-random coincidence is that

I,*#r4dt'

f"() 1

I,*#r4dt

(3)

Ä r(a)r(l - a)

is a Stieltjes transform and so is ,l-d : I I f"(L). This we can see if we replace /d-1
by its integral representation (2) and use Fubini's theorem:

1- 1-d

f"( ) f (cv)f (l - cv)

It is also easy to see that the fractional powers )" r-> La : exp(olog,l,) extend
analytically to the cut complex plane C \ (-oo,0]. Moreover, zo maps the upper half-
plane into itself; actually it contracts all arguments by the factor a. Apart from some

technical complications this allows to surround the singularities of /" - which are all
in (-oo. 0) - by an integration contour and to use Cauchy's theorem for the half-plane
to bring us back to the representation (3).

Coming back to the fractional powers La,0 < a < l, we derive yet another

representation formula. First note that Äd : 1! us-tt-o) ds andthat the integrand

,-(l-o) is a Stieltjes function which can be expressed as in (4). Fubini's theorem and

the elementary equality

I,^ -L ar: rrs (r + |)

1d
L: /-,"* (, . 1) r 'dt. (s)

r(o)r(1 - o)

This representation will be called the Thorin representation of .l.o . Not every complete
Bernstein function has a Thorin representation. The critical step in deriving (5) was

the fact that the derivative of ,ld is a Stieltjes function.
What has been explained for fractional powers can be extended in various direc-

tions. On the level of functions, the structure of (1) is characteristic for the class ß9
of Bernstein functions, (3) for the class eß9 of complete Bernstein functions, and (5)

for the Thorin-Bernstein functions TtsT. If we consider exp(-l/) with / from ßT,
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